slit formed by reflexion at the face of incidence. From this and the known direction of the incident light we can calculate the angle of incidence.
L et this be < f> . Let the deviation be D and the angle of the prism i. Let Y be velocity of the light in air, v in the crystal. L et xfj be the angle of emergence, < f > W / the angles which the wave normal in the crystal makes with the faces of the prism.
Then we have 
. . ( 3 )
A A A A whence we can find <f>-ifj', and since < f)' -\-\fj' is known, we can get at once < f> and t and then v is given by either of the formulae
B ut since we know the position of the faces of the prism with reference to the optic axis, we can find the angle between the wave normal and the optic axis, and if filt jx2 be the reciprocals of the principal velocities, ft th a t of a velocity in a direction making an angle 6 with the optic axis, we have by H uyghen's construction,
and from this fix, 6 being known, we can find ft.
S e c t io n II.
I. Description o f crystal. II. Account o f experiments with the results.
I t was my object in carrying out the work to secure a series of observations for values of 6 from 0° to 90°, differing by about 1° 30' or rather less. This I found could be obtained by the use of four prisms of 44° or thereabouts, each having its edge per pendicular to the optic axis, which would therefore he ill the principal plane of each prism, the prisms being so cut th a t the optic axis made angles of -32°, 14°, 38°, and 64°, with the outward drawn normal to one of the faces; the angles are considered positive when the optic axis falls on the same side of the normal as the edge of the prism. Prisms cut in this manner would, I found, enable me to work over a range extending from about 5° on one side of the optic axis to about 100° on the other.
Iceland spar, as is well known, cleaves readily so as to form an oblique rhombohedron.
Eig. 1.
Let A B C D E P G, fig. 1 , represent a rhomb of spar, and let A be a solid angle, such that each of the three plane angles BAD, D A F, F A B is obtuse. The optic axis is equally inclined to each of the faces B A D, D A F, F A B, the angle of inclination being 26° 15" 30" about. I t is, therefore, perpendicular to the interior bisectors of the acute angles G F A, G B A. I procured a large rhomb of spar, which was cut by A. H il g e r , 196, Tottenham Court Road, into four prisms, the edge of each being nearly parallel to the interior bisectors of the acute angle of the same rhombic face. The angle of each prism was about 44°, and the faces were cut so as to be inclined to the optic axis as stated above.
We proceed now to describe the experiments and give the results for each of these four prisms numbered I., II., III., and IV. In each case let P, Q denote the faces of the prism, i the angle between them, < f> ' xfj' the angles which the wave normal in the prism makes with the normals to P, Q respectively, < f > xfj the corresponding angles in a ir ; < /> is the angle of incidence or emergence according as the light is incident on P or Q, and vice versd for x fj.
dhe values of the angle of incidence on one face extend from nearly grazing incidence 3 i 2 to the position of minimum deviation, forming an arithmetic progression of which the common difference is 4°. The prism was then reversed so th a t the face of incidence became th a t of emergence, and another set of results obtained, extending from minimum deviation to nearly grazing incidence on th a t face. Each set of experiments was taken twice, and only in two or three cases were the differences between the results of the two measurements, usually made on different days, greater than 20". In about 18 per cent, of the measurements the differences amounted to 20", in the rest it was less, so th a t in comparatively few cases is the difference between th e mean and an extreme observation as great as 10".
The spectrometer was the same as th a t used in the experiments with arragonite, and was kindly lent me by Professor S t o k e s . The method of taking the measure ments and the means adopted to secure the parallelism of the edge of the prism and the axis of rotation of the telescope are described at length (Phil. Trans., 1879). The collimator and telescope were focused for parallel rays by means of a method suggested by Dr. S c h u s t e r (Phil. Mag., February, 1879) .
The focusing was done once for each prism, and remained untouched during the experiments with th a t prism. All the adjustm ents were made for the red hydrogen line C. W hen the rays from this line were parallel no appreciable alteration was required to render the sodium rays parallel.
The other hydrogen rays F and g were very n quite so.
The experiments were performed in the spectroscope room a t the Cavendish Laboratory, which was kindly placed a t my disposal by Professor M a x w e l l during February, March, and April of the present year.
The value given for the angle of the prism is in each case the mean of 10 measures, no two of which differed by more than 20".
In the course of the preliminary work I found th a t variations in tem perature of 5° or 6° C., to which the room was subject during th e months of February and March, produced a very appreciable effect in the value of the angles between some of the faces. In making the final measurements, therefore, I was careful to keep the room a t a nearly constant tem perature of about 13° C. by means of a gas stove.
For each position of the prism an observation of the deviation of each of the four rays C, D, F, g was taken so th a t there are four values of deviation, corresponding respectively to these four rays, to each angle of incidence.
Tables I., II., III., and IV. give the results of experiment for the red line C of the hydrogen spectrum in the four prisms.
The error in the result, due to an error in one of the observed quantities, is greatest near the position of minimum deviation. I f we assume an error of 10" in the values of the angle of incidence and the deviation taken so as to produce the maximum error in the result, th a t error amounts to about '00005 when a maximum. The probable error of the experiments is considerably less than this. On comparing the results for the ray C with theory I found so close an agreement that I thought it hardly requisite to work out all the calculations for the rays F and g. I therefore completed the calculations for only about a third of the obser vations, giving a series of values of /a in directions inclined at angles of about 4° to each other, extending in an almost continuous arc from the optic axis to directions perpendicular to it.
These are contained in Tables V. and VI. The middle column in each case gives the angle of incidence. The columns on the right refer to the ray g, those on the left to the ray F.
For Table V ., Prism II., the results for the angle of incidence < f > have been calculated for the value 46° 36' 53" of the angle of the prism instead of 46° 36' 19" the value used for the results in which the angle of incidence is denoted by xj/. The reasons.for this will be discussed in connexion with the theory.
This closes the experimental part of the work. Prism IV. 
III. Theoretical calculations fo r the reciprocal of the wave velocity.
Our next step will be the determination of the position of the faces of the prisms with reference to the optic axis.
This was accurately determined for each prism by measuring the angles between them and two of the rhombic faces of the crystal.
The angle between these faces and also the angle between the cut faces of each of the prisms were accurately observed.
Let us take point O within the crystal as origin, and from it draw normals to the
MDCCCLXXX. 3 K
faces of the rhomb. . L et the normals, drawn in directions making acute angles with each other, meet in R x R 3 R 3 a sphere centre O. Then R x R 3= R 3 R 3==R3 R 1? and if the optic axis meet the sphere in S, SR 1= S R 3= S R 3. L et P Q be the points in which the normals to the two faces, P Q, of one of the prisms m eet the sphere. L et us take the plane R x R 3 as plane of x , the internal and external bisectors of the angle R x OR3 as axes of x and y respectively, the axis of z being perpendicular to the plane, x y. Then R 3 and S lie in the plane, z x. We may therefore put with great accuracy 2/x=74° 55' 35"
The temperature indicated by a thermometer placed almost in contact with the crystal, and shaded from the direct radiation of the light used to read the vernier, was from 14° C. to 13° C. Each of the angles 01 was observed ten times for each face and the mean taken, the tem perature being kept as nearly as possible at 13° C. The greatest variation between any two observations never exceeded 40". The values of /3 show th at the principal plane of the prism which contains the normals to the faces P and Q is nearly coincident w ith the plane z O x.
W e proceed to find the position of the line of junction of these planes and the angle between them. In these formulae, P Q, P L, Q K being known from We shall now prove th at in the case of prisms I., III., and IV. we may neglect the inclination of the plane of the prism to the plane For S being the optic axis, N the point in which any wave normal meets the sphere, M the intersection of P Q and z O x. --~r is less than *1 fh* th fq8 is less than 5 Therefore, greatest difference is less than *5 X *000008 or *000004
Hence neglecting x or supposing the plane of each of the prisms I., III., and IV. to coincide with the plane z x will never produce any change in the fifth decimal figure in the value of /a.
In the case of prism II. the value of x i*3 nearly 30', and we may have to take account of the obliquity.
For prisms I., III., and IV. the value of 6 is given by formulae of the form e = \± v (f> having the meaning attached to it in the results of experiment.
To determine X we require to know th e position of th e optic axis with reference to x.
The optic axis is equally inclined to R x R 3 R 3 ( fig. 2 ). Hence each of the angles subtended a t S by the arcs R 3 R 3, R<3 Hi is 120 . Therefore R 3 S xi s 60°s in R 3cc= sin S R 3 sin R 3Scc where a refers to th e face P.
X=Sa? -a
The position of th e wave normal is also given by where
being the x direction angle of the face Q. From these equations we get th e following table of values to determ ine 0 the angle between the optic axis and any wave normal. 
Also from Table V From these values we can obtain the values of 6 corresponding to the angles of incidence in Tables I., II., III., and IV . and we require to find /j,lt fx2. jx^is the maximum radius vector of the spheroidal sheet of th e surface of wave slowness. This is given by 0 = 0. From Table X . we have, considering a t present th e line C, when 0 = 0° 2 0 '3 5 " 1 *65438
fx1 is also th e refractive index of the ordinary wave. I ts value was determ ined by observations on the angle of incidence and deviation of th e ordinary ray in prisms I., III., and IV. The values were 1'65438 Prism I. 1 '65438'! } Prism III. 1*65438 J 1'65433 Prism IV .
W e take then as th e value of fxlt 1-65436
Observations of th e minimum deviation were made to determ ine from the usual formula To determine fx2 we m ust consider the minimum radius vector of the spheroidal sh e e t; this is given by 0 = 9 0°3 L, 2
Now when we see from Table X The middle column of Table X. gives the values of fx in the directions given by the first column for the values /x1= l*65436 2=1*48456
The Roman numerals L, II., &c., in the first column refer to the tables of experi mental results from which the values of /x in the fourth column are taken. The fifth column gives the excess of experiment over theory.
These differences it will be seen are much greater in the case of prism II. than for any of the others.
They are also greater for the first p art of the results in Table II ., in which the face of incidence was P, than for the latter, when the light was incident on the face Q.
Postponing, then, for the present the consideration of this point, let us compare the differences between theory and experiment for prisms I., III., and IV. W e notice at once their extreme smallness-the greatest is only *00014, and only in eight out of the sixty measurements taken do they amount to as much as *0001. The mean irrespective of sign is *000055. The differences are, on the whole, negative near the major axis. They tend to become least a t about 15° away from either axis. From th at point they are positive and reach a maximum value a t from 45° to 50° away from the major axis. So th a t the curve given by experiment would, though very nearly coincident with an ellipse, lie inside the ellipse near the major axis, cut it a t about 15° from that axis, and lie outside for the rest of its course.
The difference, however, between the radii vectors to the two curves drawn in t e same direction would never be greater than Toooo'th part of either.
My first inference from these results was that H uyghen's c o n str u c tio n rep resen te nature to a degree of exactness comparable with the probable error of experiment, Before considering th e results for the rays F and g we m ust retu rn to the experiments with prism II.
The large differences it gives, overlapping as they do values given by experiments on prism L, in which the differences are small, pointed clearly to errors of experiment. On referring to my note-book containing the direct results of experim ent, I found th a t the observation of deviation and incidence for the face P had been made on M arch 29, while the observations for the face Q and th e angle betw een the faces were made on April 1.
I t seemed possible th a t the tem perature of the prism had been different on th e two occasions, and th a t this was the cause of th e error. I therefore proceeded to observe afresh the angle between th e faces P Q of th e prism. The result differed by 34" from th a t found on April 1. I therefore recalculated th e experim ental results for the prism II. so far as th e face P was concerned. Thus this variation has tended to decrease the differences between observation and theory, and has reduced them to almost the same magnitude as those given by the face Q of the prism. They now agree more nearly with the results of prisms I., III. and IV., though even yet the differences observed are greater than in any of the other prisms.
Prism II., however, was at first cut wrongly from the crystal, and when recut it was so small th a t I formed the intention of not using it at all, and leaving a gap in my series of observations between the values 0= 27° and 0=41°. I found, however, on a second and more careful trial, th a t th e images formed by it were clearer and brighter than I had thought, and so determ ined to take a series of observations with it. W hen I observed a second tim e the angle of prism I I ., I took a series of measure ments of deviation, &c., which lead to results in agreement with Tables X. (a), X. (b) , so th at on the whole the results given by this prism are in accordance with those already arrived a t in prisms I., III., and IV. Our next step is to consider the theory for the rays F and g. The position of the plane containing the two normals to the faces of the prism is of course the same, and therefore so also are the formulae which give the relations between 6 and < f> ', 0 and xfj'. W e take fa -1'66779. fa is the value of p, when 0 = 9 0° in Table XI . Now for 0 = 8 9° 49' 6" experiment gives /a= 1*49074 we take this as the value of fa.
Hence for F we have^= 1 -6 6 7 7 9 fa = 1*49074 T a b l e X I.-R esults of Theory for F.
.
From Theory. Table X III. gives th e results for th e ray C for th e same values of th e angle of incidence as those given in Tables X I. and X II. for F and g. This enables a com parison of th e results to be more easily made for th e three rays th a n if it were requisite to refer to X. In each case the results are similar.
The differences are least near th e axes, being negative for F near the minor axis, and for g near both major and minor.
For C the errors are positive throughout, so th a t a small increase of th e axes of the curve given by theory would, on th e whole, bring theory and experim ent into closer agreement.
For F the differences near the minor axis being negative, we should require to decrease the minor axis of the ellipse. This would increase slightly the positive errors, and render, on th e whole, th e variation from F resnel's spheroid more marked, and greater th an the variation of th e red ray.
Mdccclxxx, 3 m W hile for th e violet ray, g, the differences near both axes are negative. To bring the two curves into agreement then we should require to decrease both the axes /q, This would produce a corresponding increase in all the positive errors and render the variation from F r e s n e l 's theory near th e middle of the arc more marked than in the case of the red or green rays.
In fact, while for the red, supposing the variations in /q, p 2 contemplated above to have been adopted, the greatest difference between theory and experiment would be about *0001 for th e green ray F it would rise to •00015 â nd for the violet, g, to 
I. Comparison with previous . II. Effect o f variation o f constants.
As an additional proof of the accuracy of the experiments it may be worth while giving the results of a series of measurements covering the same ground as the second part, Table I ., made some months previously. Since the prism did not occupy exactly the same position relative to the instrum ent as it did during the experiments in Table I ., th e values of the angle of incidence, and therefore of i//, were slightly different to those in Table I. In making the comparison, therefore, the results of calculation had to be altered by interpolation to give the values of p corresponding to t The result is contained in Table X The agreement between the two results is striking, and seems to show th a t we may assume th e experim ental results to be tru e w ith an error which is not greater than
•00005. In my paper on a biaxal crystal I was able to show th a t th e assumption of certain errors in the determ ination of the position of th e plane of th e prism w ith reference to the crystallographic axes led to results rath e r more in agreem ent w ith experim ent than those obtained a t first.
In the present instance th is is impossible, for any change in the position of the plane of the prism would produce effects of alm ost exactly the same am ount in the values of fx for th e lines C and g ; b u t th e error we wish to correct in C is only half as great as th a t in g, and hence no change in th e position of th e plane can produce the required effect.
But, again, th e telescopes used were not perfectly achromatic for th e red and violet rays. I found usually little or no difference in th e position of the focus for th e lines C and F, b u t th ere was an appreciable difference betw een C and g.
I f the collimator be focused so th a t the rays from th e line C emerge parallel, those from g will be divergent. This may produce a variation in th e angle of incidence between th e waves C and g.
For th e prisms were so placed th a t by turn in g the table on which th ey rested without altering th e position of th e collimator, either face of th e prism could be made a face of incidence. To secure this th e edge of th e prism passed nearly through the axis of th e collimator, and in m ost positions of th e prism th e light from only about half the collimator lens reached it.
A figure will make this clearer. S C ( fig. 5) is th e axis of th e collimator, A P B the prism, A P being th e face of incidence. Almost all the light incident on A P passes through the upper part, C E, ol the lens of the collimator. I f the prism be turned round K, a point in th e axis S C produced, so th a t B Q becomes th e face of incidence, then only th e lower portion, C F, of the collimator lens will be used.
Again, since the collimator is focused for red rays, they will be incident on th e face A P in direction C P, and if P N be th e normal to A P the angle of incidence will be C P N.
The violet rays, however, diverging as they do from a point on C S, will be incident on A P a t various angles, most of which, however, will be less than C P N. By assuming then the violet rays to issue parallel from the object glass, we have made the angle of incidence for the violet too great.
Again, if Q P be any emergent ray, we have assumed the deviation to be measured by D Q R.
In the case of the violet rays this again will be too great, and too great by the same amount as the angle of incidence.
W e m ust therefore consider the effect of decreasing the angle of incidence and the deviation by the same amount.
I f cf> be the angle of incidence, \Jj the angle of emergence,
\p=D -j-i-< f>
Sxjj-SD-S</>= 0
Scf>' is negative since S</> is so .*. St yi s positive.
Hence \p is unchanged, t// is increased. The value of /x will therefore in all cases be decreased. Now the experimental values of fx are already too great. Hence this alteration will tend to bring them more nearly into agreement w ith theory. The amount of error introduced depends on the angle of incidence. To find a general expression for it would be a work of difficulty owing to the complicated nature of the formulae involved.
L et us therefore consider the effect of decreasing the angle of incidence and the deviation by 1', (a) near minimum deviation, (6) near grazing incidence for prism I. The effects will be much the same for all the prisms. W e have from Table I . Thus near minimum deviation the change produced in /a amounts to about '0003 while at grazing incidence it is only about *0001.
Of course an error of th e same kind occurs in the values of /*1, /x2. They, however, were determ ined from observations a t nearly grazing incidence.
They may then be slightly too great. To correct them completely for this error we should have to reduce th e theoretical values by a small quantity nearly th e same for a l l ; while th e experim ental values require reducing by quantities which are greatest near minimum deviation, and decrease as we approach grazing incidence u ntil th ey reach about th e values of th e corrections applied to /q and /x.2.
The greatest error for the ray g does not exceed *0002, so th a t the results of theory and experim ent for g would be brought into very close agreem ent by supposing the violet rays of th e light emerging from the collimator to be inclined to th e red a t angles not greater than 45".
Thus, allowing for this probable divergency of the green and violet rays, it appears that H uyghen's construction represents the result of experiment for the three rays of the hydrogen spectrum to a degree of approximation comparable with the probable error of the experiments.* * In the abstract printed in the * Proceedings of the Royal Society,' I had assumed that the violet rays issuing from an achromatic lens, focused so as to make the orange rays parallel, were convergent. From this it followed that the correction for want of parallelism tended to increase the difference between theory and experiment, and led me to the inference that H uyghen's construction m ight be true for the red rays and yet differ appreciably from the truth for light of shorter wave length. Professor S tokes has since pointed out to me that the violet rays are in reality divergent, and that the error introduced by assuming them to be parallel really tends to correct the differences observed between theory and experiment, and so leads to the inference in the text that H uyghen's construction is true for the three hydrogen rays within the limits of experimental error.
